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A method of solving a problem of contact between a finite system of infinite
strip plates of varying width and an elastic half-space, is given, Friction with-
in the region of contact is neglected. The problem is reduced to a set of infi-
nite systems of algebraic equations which can be solved using the method of
reduction,

1. A system consisting of m strip plates lies on an uniform elastic half-space paral-
lel to the y - axis, The problem reduces to the solution of the following system of equa-

tions:
m

L2V (A WKl —E) & = B,z 1) .
i=1 L;
Di(di:;- — m)2 Wy (x, ) — g, (z, M) + 7, (z, \) =0

(xELi=[ci’dilsi=112""’m)

Here 99, denotes the region of contact of the i - th plate with the half-space, D; de-
notes the rigidity of the plate, and w;, g; and r; are, respectively, the deflection ,
the load and the reaction of the support, We assume that the plate edges are free and,
that the functions g;, w; and r; can be represented by a Fourier integral (where A is
the transformation parameter)

a; (, A) = F-tb; (x, )")]1 b; (JJ, A = F |a; (, y)] (1.2)
a; = {g;, wi, i}, by = {&;, By, 7;}

Taking (1.2) into account we obtain, from (1.1),

1—v2 - S r (L, n)dgdn o s
nE L W VE—EPFy—R wi (%, Y)

2 \2
D; (5(2:3 + 687> wi (2, y) = g (Z, ¥) — 1 (%, ¥) (=, ¥) =09;, i=1,2,...,m) (1.4)

As we know [1], the solution of Eq. (1.3) can be reduced to that of the following boun~
dary value problem:

Ap — A% =0 (1.5)
9@ h0) =T, (21, s&L; Pl =02z L
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m

@M= (HE N KAV F A&

=1 P

i=
1

for the potential

-

vanishing at infinity.
Having solved the boundary value problem (1.5), we can find the function F; (z,})
from the formula E a9
i@ M) = 3= o

o zeLli(i=1,2,...,m)

Let us introduce the local Cartesian coordinates Z;, 0;, z;, placing their origins in the
middle of the segments L; (i = 1,2, . . ., m), and let us perform the variable sub -
stitution Z; = a;; and Z; = a;z; where 2g; is the width of the segment L;. Passing
now in each local coordinate system z;, 0;, 2; to the elliptic cylinder coordinates
according to the formulas

z; = ch §; cos vy, 3z; =sh§;sinm,
O< i< 2n, 0<E; < o0)

we find, in accordance with [1],

1
—
(aiﬁ -— ziZ)

- E ’
ri (xir A') = _2'(—1"__—.\’27__" Z I‘(’? Fekn (O,— qi) ce, (“p_ qi) (1.6)

n=9

The coefficients r,@ are found from the set of infinite systems

. v
e 8 L
" 4 2' E‘TnTn (s,l)=Fe_kk‘(T—Ti)

871 n=0
QM (s. i) Ce, (0,—q,)
Fekk 0,—q,;)

(L7

T® (s, i) =

where y,® are the coefficients of expansion of the function ; into series in terms of
the Mathieu functions on L;

— Q 1.8
By (2, ) = 3 Woen (i —g) (%
n=0
2, In dimensionless local coordinates x;, z;, Eq. (1.4) becomes
d2 2_ _ -
D ('TE“‘ — xis) B, (x, M) — &, (2 M) + 7, (2, ) = 0 (2.1)

(|2 | <1, Dy* =Dya, X = hay)
Let G (z, ) be the Green function of the boundary value problem
@zt — M)y = 0, y (1) = y" (1) = 0 2.2)

Then the solution of (2.1) with conditions (2,2) can be written in the form of an
integral

1
Wi (i, M) = DI \ Gi(2i, B g, & M — 7, & M1 & (2.3)
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provided that the function 7; (z;, A) is, for the time being, assumed known,
The function @; (r;, A) must satisfy the boundary conditions (the edges are free)

—_ (2““'@)7“0 g, =+1 (2.4)

d%w, ddw,

i (15 2-—- 1
—) —
d.’E% 0 ?‘l d$i3

where Vo) is the Poisson's ratio for the plate,

The above conditions can be easily realized by adding the general solution of the
homogeneous equation (2.2) to the solution given by (2.3) and satisfying the condi -
tions (2.2), and requiring that the four conditions of (2,4) are satisfied. In connection
with this, the boundary conditions for the function @; (x;, A) will be taken, from now
on, in the form (2.2).

Using (1.6) and (1.8) we obtain (2,3)

oo 1
ZY&?} ce, (np_ gi) = k((;) S G; (g’ ;) X @
n=0 -l

= i ’ ce (¢,

Z r Feky, (0,— gi)—_]s_;ﬁ?i_ dg -+ f,(n,)

n=0

(& =cost, z, = cos 1;)
K= EDr A — 20 )= DI (GG npG N E 2O
-1

Multiplying Eq. (2.5) by cey (1, —¢;) and integrating over the interval (0, ) , we

obtain o .

wvP + 3 RVKY (i) = afd .7
n=0

(Mg = m, = Yy, k >1, R,D =r,®Fek, (0, —¢))

The matrix coefficients and free terms in (2.7) are determined by the formulas

. ki
Fek ' (0, — ¢;).

»(KY ;. i
K3 (1) :ké"mgcek( — gi)dn X (2.8)
G: — %) g
S . Lk L
1
D _ Dp cop(n, — g dn (e oM 2.9
0 1 i
and we transform the set of systems (1.7),(2.7) to the form
B+ Y VR e+ Y ROED = af, 10
Qi(s, 1)Cey (0,—q,)

Th® (s, §) =

Fek (0,—gq)

Thus we have reduced our problem to that of solving a set of M infinite systems
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of linear algebraic equations for the coefficients R,®.

3. Investigation of the properties of the system (2, 10) requires additional formulas
from the theory of Mathieu functions. From the results of [2] it follows that

Q& (5, 8) ~ C WC® ()™ Kpyn (MRg)  (0.k —00)
. . 1

CeM (i) = A%Z‘“) (g:), €D (i) = B§2ﬂ+1) (g:) T

Here K, (f) is the Macdonald function and R,; is the distance separating the centers

of the Cartesian coordinate systems with indices s and {. Taking into account the
asymptotic formulas [3] for the coefficients A,&™), By®" ) and function K, (£), we

obtain
my . a; \kf @, \n (n k)
Tn( )(s, L) ~ consty (R_ll) (Ti'_:;) R (3.1)

&

The properties of the matrix (K,(®) and of the free terms depend on the properties of
the Green function Gy (§, x). The latter can be written in the form of an absolutely
and uniformly convergent bilinear expansion [4] in terms of the eigen-functions of the
boundary value problem

@ — Ay —py =0, y(E1) =y (=) =0

The expansion has the form

o0 o
sin p,, zsin p, E cos p. zcos p £
GE 2)= Z 2k LA Z 2k41 2k-+1 (3.2)

— Py e Hok+1

tx = (px2 + A%, pp = Yk

The function (3.2) is given in [4] in the form of a dual properly converging se-
ries in terms of the Tchebycheff polynomials

66D = 3 D aTi (@ T .9

i=0 j=
and its coefficients are determined by the formulas

o1
Qam, an = Aam, 2n E m Jam (Pax+1) Jan (P2k+1)
fd ot
1 St
Gamt1, 2ng1 = — (— ™7 E ;i a1 (Pak) Tanta (Par)

k=1

hoyo = s, ;‘*2n,0 = 1/2 (“‘Dn: Mamsan = s (—1)mm

The author also proves that the following inequality holds:

conste
ltm | S Tmaxamy (M>2722)

and this yields the inequality

const; )
[am,nl<m—(7n—_;—n)— (m>2,n22) (3.4)
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Substituting the series (3,3) into (2, 8) and computing the corresponding integrals, we
obtain

N Pk 0.—9) WY L %) iy AR g
EP @)=k =22 VY 2,108 (i) CF () Gm;

Fek_ (0, —4;) (3.5)
CE () = (— O+ 487 (@), CFE" () = (— 1+ B (g0
From (3. 5) it follows that for large values of the indices 7 and &
K ()~ 00t o 0.7 00 consts (3.6)

nk(n k) Fek, (0,—q;)  k(n-k)
The asymptotic formulas {3, 1) and (3.6) guarantee the convergence of the series
S DIEPOP 3 316 0P
n=g0 k=0 n=0 k=0
Consequently, the system (2.10) generates in {? a completely continuous operator [5].

Taking into account the expansion (3,3), we can write the formulas for the free terms
{2.9) as

i AT, (nm + .g-) (3.7

[y

Z Bg-ﬁnj ar1 (mﬂ)
=0

it {1}
N a,

ol = nDF ™ (— 1)k Z m L
— 2am-+1
@ *—1 e
kg = nDg (— 1) 2 T,
2m

Me]
1

o = 2@ Msin(mat) dt

—1

1
o — S E,-(§,k)cos—3—(2m+i)§d§ (m>0)

1

From (3,7) it follows that even when the load on the plate is concentrated, the coef-
ficients o)) = O (k~2) as k — oo,

The infinite system (2. 10) with the operator completely continuous in [* and free
terms a;®) & [2, can be solved using the method of reduction. The solution of such
a system which also belongs to [* can be obtained with any required accuracy. More
rigorous analysis of systems (2,7), (2. 10) enables us to conclude that the coefficients
R, (Mand y,® are of the order not higher than k~2when % — oo, Thus the series for w,;
always converges uniformly and absolutely and represents a continuous function.
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